We propose a mixture model for data with an ordinal outcome and a longitudinal covariate that is subject to missingness. Data from a tailored telephone delivered, smoking cessation intervention for construction laborers are used to illustrate the method, which considers as an outcome a categorical measure of smoking cessation, and evaluates the effectiveness of the motivational telephone interviews on this outcome. We propose two model structures for the longitudinal covariate, for the case when the missing data are missing at random, and when the missing data mechanism is non-ignorable. A generalized EM algorithm is used to obtain maximum likelihood estimates.
Introduction
Epidemiological evidence suggest that there is a disparity in smoking status by socioeconomic position; the prevalence of smoking is higher in blue-collar workers than in their white-collar counterparts [17] . Although the prevalence of smoking is on the decline, the rate of decline is lower among blue-collar workers increasing disparities in smoking prevalence between white-collar and blue-collar workers. Blue-collar workers are less likely to be employed at work sites that offer health promotion programs, and are less likely to participate in such programs when they are available [17] . Due to increasing disparities in smoking prevalence among blue-collar workers, researchers are interested in developing smoking cessation programs specifically for this population. Researchers at the Center for Community Based Research at the Dana Farber Cancer Institute collaborated with the Laborers' International Union of North America to evaluate the effectiveness of a tailored, telephone delivered, smoking cessation intervention for construction laborers. The construction industry poses challenges for worksite-based interventions, as workers move frequently from one worksite to another. To circumvent this issue, the intervention was primarily conducted by telephone [17] .
Formative research of the sample was conducted through a background survey. For those participants that completed the background survey and were eligible and consented to be in the randomized trial, the study consisted of two additional surveys, pre-intervention (baseline) and post-intervention (final). The intervention group received a tailored intervention that consisted of motivational telephone interviewing and targeted written material sent via mail. Tailored interventions increase the relevance of health information, by personalizing the messages based on individual data, and have proven effective among blue-collar workers [17] . Despite the usefulness of tailored interventions, there has been limited work on the development of methods to analyze the unique data that is obtained from such approaches. We are interested in assessing the effectiveness of the motivational telephone interviewing in helping the construction laborers quit smoking, and limit our analysis to participants that were in the intervention group.
The time to smoking cessation was recorded as an ordinal variable. Ordered categorical responses are frequently encountered in survey data. However, these measures are often a proxy or a coarsely measured version of some unobservable continuous variable. Methods for the analysis of ordinal data are well established [1-3, 5, 6, 12] . The telephone intervention is measured as a longitudinal binary covariate, an indicator (yes/no) for each completed session. To examine the effect of the intervention on the time to smoking cessation, we propose a mixture model with an ordinal outcome and longitudinal covariate.
Models for the joint distribution of longitudinal and event-time variables have a wide variety of applications in clinical trials, prospective studies, and community-based interventions. Previous work on mixture models for longitudinal and time to event data have assumed the time to event is measured continuously (see, for example, [11, 18] ). We extend the existing methodology, and develop models where the time to event is an ordered categorical variable. We propose four model structures and discuss the advantages and disadvantages of each.
This article is structured as follows, we define models where the missing data mechanism on the longitudinal covariate is ignorable in Section 2. In Section 3, we present models when the missing data mechanism on the longitudinal covariate is non-ignorable. The methods used for model estimation are described in Section 4. We illustrate the proposed methodology through an application to the data from the laborers' study in Section 5, and conclude with a general discussion in Section 6.
Repeated Measure is Missing At Random
We propose a likelihood-based mixture model approach for modeling the joint distribution of a vector Y of repeated binary measurements and Q an event time, whose joint distribution can be expressed as a mixture, f(Q, Y|Z) = f(Q|Y, Z) f(Y|Z), where Z is a collection of covariates. We first define the distribution of the repeated measure. Let Y im be the mth measurement on participant i, and M i the number of measurements made on participant i before event or censoring, the data for participant i can be written as
and Z i as an M i x P design matrix of covariates. We propose a model with first-order Markov dependence for the vector of repeated outcomes (Y) [16] . A first-order Markov process is a random process whose future probabilities are determined by its most recent value, i.e., P(Y im = b|Y i(m−1) , …, Y i1 ) = P(Y im = b|Y i(m−1) ). Let (1) and (2) where η is the effect of all things constant, ν is the effect of the covariates, and φ is the effect of the previous measurement,
The longitudinal covariate Y is subject to missingness, and for now, we assume that the data Equation 3 defines the distribution of the repeated measure Y; we also must define the distribution for the time to event, Q, and the likelihood for the mixture model. We propose two ways to examine the effect of the repeated measure on the time to event. In our first approach, we model the effect of the last measurement before the event or censoring, and in our second approach we model the effect of the cumulative sum of the binary repeated measures on the time to event or censoring.
Model 1: last measurement
We are interested in the effect of the last measurement before event or censoring, as this provides insight into the immediate effect of the longitudinal covariate. Let Q i be the time to event for participant i, where Q is an ordered categorical response. Y iM i is the outcome of the last measurement before event or censoring. Let the probability of having time to event in or before category k, given the last measurement before event or censoring Y iM i , and covariate vector Z i be defined by (4) The likelihood function, conditional on the covariate vector Z, is defined by
, and f(Y|Z) is defined in Equation (3) . The resulting likelihood function is
Model 2: Cumulative sum of the binary repeated measures
Here we model the effect of the cumulative sum of the repeated binary measures on the time to event or censoring. Let . The joint distribution of Q and Y can be expressed as a mixture, where f(Q, Y|Z) = f(Q|Ỹ, Z) f(Y|Z). Let the probability of having a time to event in or before category k, given the cumulative sum of repeated measures Ỹ i , and covariate vector Z i be defined by (5) and .
The likelihood function is β and γ are the parameters of primary interest, as they assess the effect of the covariate Z and the repeated measure Y, respectively. They are interpreted in the same manner as the parameters of a proportional odds model with a logit link, and are the log of the cumulative odds ratio, with the interpretation that the odds of being in a category ≤ k are exp(β) and exp(γ) respectively.
Non-ignorable Missingness
When the missingness depends on the values of the missing data, the missing data mechanism is non-ignorable. Correct likelihood analysis must be based on the full likelihood of the joint distribution of the repeated measure Y = (Y i1 , …, Y iM i ) and the missing data mechanism X = (X i1 , …, X iM i ) [13] , where
We propose a model with first-order Markov dependence for the intended binary repeated measure (Y), and first-order Markov dependence for the missing data mechanism (X) that depends on the current binary measurement (Y im ) [4] . Under these assumptions, Let P i1 be defined as in Equation 1, P aim be defined as in Equation 2, and let
Here, κ is the constant effect, ρ is the effect of the current longitudinal measurement, and ψ is the effect of the previous missing indicator on the probability that the current repeated measure is observed.
Accordingly, we integrate out the missing repeated measures from the marginal distribution, and develop the likelihood function for the mixture model, (4) or (5), depending on the approach used to examine the effect of the repeated measures on the time to event.
Model Estimation
The repeated measure Y is subject to missingness and thus incomplete. Full use of the data is made by obtaining maximum likelihood estimates through an application of the generalized EM algorithm [8] , an iterative procedure for finding maximum likelihood estimates from incomplete data. At each iteration, the algorithm updates the parameter estimates by maximizing the expected value of the complete data log-likelihood, given the observed data and the current parameter estimates.
When the repeated measures are missing at random, the complete data log-likelihood can be expressed as (6) where θ is a vector of the model parameters.
When the missingness mechanism is non-ignorable, the complete data log-likelihood is (7) where again θ represents the model parameters.
The objective function to be maximized at each iteration of the EM algorithm is the expected value of either (6) or (7), given the observed data and the current update of the parameter estimates θ (g) . To calculate the expected value of the complete data loglikelihood, we need the expected value of Y im given the observed data and the current update of the parameter estimates, . For those participants with Y im observed, the conditional expectation is simply Y im (equal to either zero or one).
For those with incomplete Y i , and
where b m is an indicator equal to one if Y im = 1 and zero otherwise. Variance estimates of the maximum likelihood parameter estimates were obtained from the expected value of the negative Hessian matrix evaluated at the final parameter estimates. For ignorable cases EM algorithm can be helpful. However, in models with non-ignorable missingness the EM algorithm may take longer to converge to a maximum due to large amount of missing information. In addition, it is necessary to check for the multiple maxima of the likelihood function after convergence to maximum [14] .
Application: Laborers' Study
We use data from the Laborers' Study to illustrate our proposed methods. As this intervention was conducted primarily by telephone, researchers are interested in the effect of the health educator calls on smoking cessation. We limit our analysis to those participants in the intervention group that completed both baseline and final surveys and were current smokers at baseline. 100 participants met this inclusion criteria, 81 of whom had not quit smoking by the end of the study, approximately six months after the intervention began, and are censored at the time of their final survey. The remaining 19 had quit smoking without relapse for at least seven days. Of these, five quit smoking at baseline, eleven quit less than three months into the intervention, and the remaining three between 4 and 6 months after the beginning of the intervention.
The time to quit category, Q, was determined using the date of the baseline survey, the date of the final survey, and two final survey questions. Participants were first asked, "During the past seven days, have you smoked any cigarettes, even a puff ?" If they answered no, they were then asked, "How long has it been since you had your last cigarette?" They were given six options; less than one month, 1-2 months, 3-4 months, 5-6 months, 7 months or more but less than one year, or one year or more. We collapsed these groups to create the following categories:
where Q i is the time to quit category for the i th participant.
Approximately two weeks after the baseline survey, participants received a tailored feedback report that introduced the program and provided personalized health messages incorporating their responses to the survey. Shortly thereafter, telephone counseling calls were initiated by health educators, which were also tailored to the participants, and relied on motivational interviewing techniques [17] . The outcome of the health educator calls is the binary repeated measure Y, which is subject to missingness (e.g., no answer, answering machine) where,
The parameters for the non-quitters, those participants that were censored at the final measurement, were set to zero, as this is the reference group for the categorical time to event measurement, Q. Table 1 displays the demographic breakdown of the data, for the variables of race, income, and education which were examined in our models. The population was predominately male (92%) so we were unable to assess the effect of gender. For the purposes of this analysis, non-binary variables were dichotomized in order to ensure sufficient numbers in each group. Indicator variables were created for income and education, with income categories above and below $50,000 annually, and education categories of beyond a high school diploma or not. As there are very few participants in each of the quit categories, we consider separate models for each of these three covariates.
In the first two models, we assume that the missing data mechanism for the longitudinal covariate is ignorable, the data are missing at random, and modeled as a first order Markov process. In Model 1, we examine the effect of the last call before event or censoring, where the call is a binary covariate subject to ignorable missingness. In Model 2, we model the effect of the cumulative number of calls on the time to smoking cessation. The covariate for the calls is modeled as the sum of binary random variables subject to ignorable missingness. Models 3 and 4 use the assumption that the missing data mechanism is non-ignorable, and model the intended outcome of the call with first-order Markov dependence. In these models, we assume that the missing data mechanism has first-order Markov dependence, and is also dependent on the call. In Model 3 we assess the effect of the last call before event or censoring, and in Model 4 the effect of the cumulative sum of calls on time to smoking cessation.
Model 1: Last call assuming ignorable missingness
In Model 1, summarized in Table 2 , we examine the effect of the outcome of the last call before event or censoring assuming the missing data mechanism is ignorable, adjusting separately for race (Model 1a), income (Model 1b), and education (Model 1c). Eleven (15%) white participants quit smoking, versus 9 (30%) non-white participants. We estimate the cumulative log odds ratio (OR) to be 0.948 (OR = 2.582, SE=0.663), non-whites are more than twice as likely as whites to quit in any time category. Participants with successful last calls are more likely to quit smoking in earlier time categories, with the cumulative odds ratio of 1.446 (SE=0.519). Participants earning more than $50,000 annually are more likely to quit smoking in later time categories or not at all (OR=0.524, SE=0.868), and additionally, those that have more than H.S. education are less likely to quit in each time category (OR=0.571, SE=0.662). In Models 1a, 1b, and 1c, participants in each of the time intervals with a successful last call from a health educator are more likely to quit smoking, OR=1.44, 1.48, and 1.36, respectively. However, the 95% confidence intervals include the null value of one in all models.
Model 2: Cumulative sum of intended calls assuming ignorable missingness
In Model 2, we examine the effect of the cumulative sum of the outcomes of health educator calls on smoking cessation, assuming that missingness is ignorable. Table 3 displays the results of our analysis for Model 2. Non-whites are more likely to quit in each time category (Model 2a), participants making more than $50,000 annually are less likely to quit in each time category (Model 2b), and participants having more than a high school diploma are less likely to quit smoking in each time interval (Model 2c). These trends are consistent with those found in Model 1. The more calls a participant received decreases the odds of quitting (Models 2a-2c). However, the 95% confidence intervals for all cases include the null value. It is of interest to note that if people with a successful last call are more likely to quit in earlier time periods (Model 1), then one would assume that the more successful calls a participant has with a health educator, and a larger cumulative sum, the more likely they would be to quit in each time interval. We observe the opposite trend in Model 2, and believe one explanation for this is that the longer a participant takes to quit, the more calls they are likely to receive. Therefore by the nature of the study, participants with larger cumulative sums are those that quit in later time intervals or not at all.
Model 3: Last call assuming non-ignorable missingness
In Model 3, we examine the effect of the last call before event or censoring, assuming the missing data mechanism is non-ignorable. Table 4 displays the results of our analysis for Model 3. For any quit category, non-whites are more likely to quit smoking in that category or those prior than whites, OR=2.057 (SE=0.834), participants earning more than $50,000 annually are less likely to quit smoking in each time category, OR=0.59 (SE=1.391), and participants with more than a high school diploma are less likely to quit smoking in each time interval, OR=0.386 (SE=0.808). Adjusting for race, income, or education, participants with a successful last call before event or censoring are more likely to quit smoking in each time category, OR=1.433, 1.261, and 1.262, respectively.
Model 4: Cumulative sum of intended calls assuming non-ignorable missingness
In Model 4, we examine the effects of the cumulative sum of calls from a health educator on smoking cessation assuming the missingness mechanism is non-ignorable. Table 5 displays the results of our analysis for Model 4. Non-whites are more likely to quit smoking in each time category (Model 4a), participants earning more than $50,000 annually were less likely to quit smoking in each time category (Model 4b), and those having more than a high school diploma were less likely to quit smoking in each time category (Model 4c). These trends are consistent with those seen in the previous three models. Participants receiving a greater number of calls from a health educator are less likely to quit smoking in each time interval. However, as with Model 2, we think this is trend is a function of the data, and not an indicator of the effectiveness of the intervention.
Model Selection: A practical approach
In our analysis, we were interested in the effectiveness of the health educator's calls on smoking cessation, and thus only considered calls before event or censoring and not calls made after the time of an event. Examining the effect of the intervention on the stainability of cessation or relapse are interesting questions, but not ones we considered in our analysis.
To examine the effectiveness of the intervention, one needs to consider the effect of the calls on time to quit. We observe the counter intuitive result that the larger the cumulative sum of calls, the less likely a participant is to quit, but this is a structural problem in the data, as participants who take longer to quit, and those that do not quit during the course of the study, will receive more calls. Therefore, we do not believe Models 2 or 4 properly address our question of interest.
We also examined the effect of the number of successful calls on time to quit category by fitting a proportional odds model. We found that non-whites were more likely to quit, participants earning more then $50,000 annually were less likely to quit, and those with more than a high school diploma were less likely to quit. These are the same trends we observed using our proposed methodology. The number of successful calls seems to have very little effect, if any, as we observe odds ratios close to one, OR=0.91,0.92, and 0.93, respectively. These models use only the complete data however, and do not take into account the missing data.
The choice between Models 1 and 3 is based on whether the missingness mechanism on the longitudinal covariate is ignorable or non-ignorable. The mechanism is ignorable if the missingness is due to the random call process; participants do not know when to expect a call from their health educator, and may not be home to receive the call. However, there is a possibility that participants may not be interested in the intervention, and purposely do not accept the calls from the health educator, making missingness non-ignorable with respect to the outcome of the intervention. We used Akaike's Information Criteria (AIC) which selects Model 1 in favor of Model 3 in all cases.
Although Model 1 is the simplest of the models that we propose, we feel this model is the most appropriate in determining the effectiveness of this tailored, telephone delivered intervention, as it models the immediate effect of the health educator's call on the participant quitting. We also believe that in this intervention, the missing data mechanism is ignorable as health educators would make several attempts to reach the participants. During the course of the intervention, a participant could have up to six sessions with a health educator, and approximately 60% of our sample completed at least four sessions. In all cases, the health educator calls appear effective, as the odds of quitting are higher for those participants with successful calls, suggesting that this method of intervention is successful in this population.
Discussion
It is important to note the limitations of our study. By defining quitters as those persons that have not smoked in seven or more days, the cessation measure does not capture smokers who quit and relapsed prior to the final survey. The outcome relied on self-report, and is therefore subject to reporting bias. Although the results of our analysis could have large implications if generalized to the entire union membership, we recognize that these findings are based on a small number of quitters and may not be representative of this population. We could have used other modeling approaches to analyze these data such as an interval censored Cox proportional hazards model with a time varying covariate [9, 10] . The approach we used here is an extension of models with a continuous outcome [11, 18] ; comparison of the approach used in this analysis to approaches where the outcome is modeled continuously is an important area for future research.
The small number of quitters also has effects on the estimation of parameters. When the data are sparse, the estimates of the parameters may be unstable or models may not converge. However, even with data where the number of parameters to be estimated is large in comparison to the number of observations, the usual asymptotic results are quite reliable for the parameters of interest [15] . The small sample size contributes to the large standard errors, large confidence intervals for the estimates, and non-significant results. Although most of the confidence intervals contain the null value, based on our analysis, the health educator calls appear to be effective in helping participants quit smoking.
Of the union members randomly assigned to receive the tailored, telephone delivered intervention, those participants that completed sessions with the health educator were more likely to quit smoking. We recognize the challenge in smoking cessation and are aware that people who quit are often subject to relapse. A larger sample of quitters would allow us sufficient power to examine the effectiveness of the intervention.
When working with survey data from social science research, there are many variables that can not be measured precisely, such as time of smoking cessation, and others that may be subject to missingness, such as calls from a health educator. When information on nonrespondents is available ignorable missing data models are frequently used for survey data analysis and often out perform non-ignorable missing data models. We do not posit that missingness mechanism operating in survey research are truly ignorable but that the formulation of non-ignorable models that out perform ignorable models is a difficult task that is context-specific [14] . Estimates from EM algorithm provide advantages over the traditional approaches. However, estimates of EM algorithm are of unknown precision when the missingness mechanism is non-ignorable [7] . We believe this model structure has multiple applications beyond evaluating a tailored smoking cessation intervention for construction laborers. Table 4 Model 3: Last Call Assuming Non-ignorable Missingness, Adjusting for Race, Income, and Education 
